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B-FIELD TRANSFORMATIONS OF POISSON GROUPOIDS 



CRISTIAN ORTIZ 

Abstract. This is a survey devoted to the study of B-field transformations of multiplicative Poisson 
bivectors on a Lie groupoid G. We are concerned with S-fields given by multiplicative closed 2-forms 
on G. We extend the results in [5] by viewing Poisson groupoids and their S-field symmetries as special 
instances of multiplicative Dirac structures [24] . We also describe such symmetries infinitesimally. 



Dedicado a la memoria de Leonor Gonzalez. 



Contents 



Cn . 1. Introduction 1 

1.1. Acknowledgments 3 

1.2. Notations 3 

2. Lie theory 3 

2.1. Lie groupoids 3 

2.2. Lie algebroids 4 
C^ . 2.3. The Lie functor 5 

2.4. Tangent and cotangent groupoids 6 

2.5. Tangent and cotangent algebroids 7 

3. Bivectors and 2- forms on Lie groupoids 8 
^j^ , 3.1. Multiplicative bivectors 8 

(^ ' 3.2. Multiplicative 2-forms 10 

■TJ" , 4. Symmetries of Poisson structures 12 

en ■ 4.1. Dirac structures 12 

4.2. Symmetriesof(TM, (•,•}, I-,-]) 13 

C^ ' 4.3. i?-field transformations of Poisson manifolds 13 

5. Symmetries of multiplicative Poisson structures 15 

5.1. Multiplicative Dirac structures 15 

5.2. Symmetriesof(TG, (•,•), I-,-]) 16 

5.3. i?-field transformations of Poisson groupoids 17 
K^ , References 18 

,^, 

1. Introduction 

The concept of Poisson groupoid was introduced by Alan Weinstein [30] as a common generalization of 
Poisson Lie groups [13] and symplectic groupoids [10]. A Poisson groupoid is a pair {G,ttg) where G is 
a Lie groupoid and ttq is a Poisson bivector on G suitably compatible with the groupoid multiplication. 
Poisson group (oid)s are interesting by themselves, but one of the main motivations for studying such 
geometric objects is due to their interaction with the theory of integrable systems. On one hand, Poisson 
Lie groups help to study Hamiltonian properties of the group of dressing transformations of certain 
integrable systems where this group plays the role of hidden symmetries [26] , on the other hand Poisson 
group ozrfs are useful for describing the geometry of solutions of the classical dynamical Yang-Baxter 
equation [15]. 

It was proven in [21] that the compatibility of a Poisson bivector with a groupoid multiplication on G 
is reflected infinitesimally by the fact that {AG,A*G) is a Lie bialgebroid. Here AG is the Lie algebroid 
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of G and A*G is the dual vector bundle of AG. Hence, Lie bialgebroids are regarded as the infinitesimal 
data of Poisson groupoids. The integration of Lie bialgebroids to Poisson groupoids was carried out in 
[22]. More precisely if A is the Lie algcbroid of a source simply connected Lie groupoid G{A) and the pair 
{A, A*) is a Lie bialgebroid, then there exists a unique Poisson bivcctor 7r(3(^) on G{A) making the pair 
(G(A), 7r(3(^)) into a Poisson groupoid whose Lie bialgebroid is {A^A*). The relation between Poisson 
groupoids and Lie bialgebroids generalizes the well known Drinfeld's correspondence between Poisson Lie 
groups and Lie bialgebras [13]. 

Since Poisson groupoids are important examples of Poisson manifolds, it is interesting to study sym- 
metries of these structures. In [28] it was observed that a Poisson structure tt on a smooth manifold M 
can be transformed by a closed 2-form B G Vi^i^M) into another Poisson manifold as follows: look at the 
symplectic foliation determined by tt and add to the leafwise symplectic form the pull-back of B to the 
symplcctic leaves; if the resulting leafwise 2-form is symplectic, then it is given by a Poisson structure tvb 
on the same manifold M . The Poisson structure ttb is called a gauge transformation of tt by the closed 
2-form B € Vi^{M) or a B-field transformation of (M, tt). If the resulting 2-form is not symplcctic, 
then it does not come from a Poisson structure. Instead, the underlying geometry is the one determined 
by a Dirac structure [11, 28]. Dirac structures were introduced in [11] as a unified approach to Poisson 
structures, pre-symplectic forms and regular foliations. 

In this work we study S-field transformations of Poisson groupoids. In order to preserve the compatibil- 
ity of the geometric structure with the groupoid multiplication, we restrict our attention to multiplicative 
S-fields, that is, B-field transformations given by multiplicative closed 2-forms. Given a Lie groupoid 
G over M with source and target maps s, t : G — > M and multiplication mc ■ G(2) — !■ G, where 
^(2) ■= {(5; h) G G X G \ t{h) ~ s{g)}, we say that a 2-form ljg G fl^{G) is multiplicative if 

■m*^uJG = pr^WG + pr2^G, 
where pr]^,pr2 : G(2) — > G arc the canonical projections. Our main goal is to understand how the 
infinitesimal data of a Poisson groupoid {G,t:g) changes after applying a multiplicative B- field. This 
problem is closely related to the concept of IM-2-form on a Lie algcbroid [7]. Given a Lie algcbroid A 
over Af with anchor p^ : A — > TM, a bundle map a : A — ;• T*M is called an IM-2-form on A if the 
following identities hold 

{a{a), pA{h)) = - (cr(fo), PA{a)) 

cr[a, h]A =Cpj^^a)cr{b) - Cp^i^a)<7{b) + d{a{a), pA{b))- 

for every a,b G ^{A). Alternatively, a bundle map a : A — > T*M is an IM-2-form on the Lie algcbroid 
A if and only if the 2-form loa '■— —<y*^can G fl'^{A) induces a Lie algcbroid morphism 

ujI^:TA — > T*A X ^ loa{X, •), 
between the tangent and cotangent Lie algebroids. Here lOcan is the canonical symplectic form on T*M 
(see [6]). Throughout this paper, such 2-forms on a Lie algcbroid are called morphic. As shown in [7] 
multiplicative closed 2-forms on a source simply connected Lie groupoid are in one-to-one correspondence 
with IM- 2-forms on the Lie algcbroid of G. Equivalently [6], multiplicative closed 2-forms on G are in 
bijection with morphic 2-forms on the Lie algcbroid of G. This will be useful for describing multiplicative 
B-field transformations at the infinitesimal level. 

First we study i?-field transformations of symplectic groupoids. We observe that a i?-ficld transfor- 
mation of a Poisson manifold induces naturally an IM-2-form [7, 6] on the Lie algcbroid of the Poisson 
manifold. This allows us to use the techniques developed in [6] to describe the symplectic groupoid 
integrating gauge transformations of Poisson manifolds, providing an alternative proof of the results in 
[4] . We also observe that multiplicative i?- field transformations of Poisson groupoids can be studied by 
using multiplicative Dirac structures [24] . These are geometric structures that unify both multiplicative 
Poisson bivectors and multiplicative closed 2-forms. Concretely, a Dirac structure Lg on a Lie groupoid 
G is called multiplicative if Lg C TG(BT*G is a Lie subgroupoid of the direct sum Lie groupoid. It was 
proved in [24] that, for every Lie groupoid G with Lie algcbroid AG, a multiplicative Dirac structure Lg 
on G corresponds to a Dirac structure Lag on AG suitably compatible with both the linear and algcbroid 
structures on AG. Using this terminology, we prove that multiplicative closed 2-forms on a Lie groupoid 
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G act on the space of multiplicative Dirac structures, via S-field transformations. We show that this 
action is infinitesimally described by the -B-field action of the corresponding morphic 2-form on the space 
of Dirac structures on AG compatible with both the vector bundle and Lie algcbroid structures on AG. 
We also show that if (G, ttq) is a Poisson groupoid with Lie bialgebroid {AG, A*G), then a multiplicative 
i?- field transformation of (G, ttq) corresponds infinitesimally to a morphic i3-field transformation of the 
linear Poisson structure ttag induced by the dual Lie algebroid A*G. If the resulting B-field transfor- 
mation gives rise to a Poisson structure, we conclude that this Poisson structure is also multiplicative 
and our infinitesimal description recovers the results proved in [5] . One can also study Poisson groupoids 
equipped with a Poisson action of a Lie group. If we assume that this action has the additional property 
of being given by groupoid automorphisms, then we can describe these actions at the infinitesimal level. 
This will be done in a separate paper. 

This work is organized as follows: In section 2 we review the main definitions and examples of Lie 
groupoids and Lie algebroids. We also recall the definition of the tangent and cotangent groupoids as well 
as the tangent and cotangent Lie algebroids. In section 3 we study both multiplicative Poisson bivectors 
and closed 2-forms, explaining what is the infinitesimal data of multiplicative Poisson bivectors [21, 22] 
and also saying how closed multiplicative 2-forms are described infinitesimally according to [7, 6]. Then 
in section 4 we study symmetries of Poisson structures viewed as special instances of Dirac structures. In 
section 5 we introduce multiplicative Dirac structures, describing such structures infinitesimally. We use 
this description to provide a conceptually clear setting for studying _B-ficld transformations of Poisson 
groupoids. 

1.1. Acknowledgments. This article is an expanded version of a talk given at the Second Latin Congress 
on Symmetries in Geometry and Physics, held at Universidade Federal do Parana, Curitiba, in December 
13-17, 2010. The author thanks Eduardo Hocfel and Elizabeth Gasparin for the invitation to this greatly 
enjoyable conference. I also thank Henrique Bursztyn and Madeleine Jotz for useful comments and 
suggestions about the manuscript. The author also thanks IMPA, Rio de Janeiro and ESI, Vienna, where 
part of this work was carried out. 

1.2. Notations. Let M be a smooth manifold. The tangent bundle of M is denoted by pm : TM — > M. 
We use Cm '■ T*M — > M to indicate the cotangent bundle of a smooth manifold. Vector bundles are 
always denoted by g^ : ^ — > M and the fiber over a point x € M is A^- 

2. Lie theory 

2.1. Lie groupoids. A groupoid is a small category where all morphisms are invertible. More con- 
cretely, a groupoid is determined by a set M of objects, a set G of morphisms and structural maps 
s,t : G — > M called source and target, respectively; a unit section cm : M — > G an inversion map 
iG ■ G — > G and a partially defined multiplication niQ : G(2) — > G, where G(2) = {{g,h) G G x G | 
t{h) = s(g)} is the set of composable groupoid pairs. We require that all these maps satisfy the axioms 
of a category. See [20] for more details. In this case we say that G is a groupoid over M. 

A groupoid G over M is called a Lie groupoid if both G and M are smooth manifolds, the source 
and target maps s, t : G — > M are surjective submersions, and all the other structural maps arc smooth. 
The submersion condition on s, t ensures that G(2) inherits the structure of smooth manifold, so the 
smoothness of niG : G(2) — > G makes sense. Throughout this work we only consider Lie groupoids. 

Example 2.1. A Lie group can be thought of a as Lie groupoid whose space of units consist of only one 
point. 

Example 2.2. Let H be a Lie group acting on a smooth manifold M . We endow H x M with a Lie 
groupoid structure over M as follows. The source and target maps are defined by 

s{h,x) = .T, t{h,x) ~ hx. 

The multiplication is defined by (h,h'x){h' ,x) = {hh',x). The unit section is e(x) = (e, x) where e G H 
is the identity element. Finally the inversion map is defined by i{h,x) = (h~^,hx). These maps define 
a Lie groupoid structure on H x M , called the transformation groupoid. We usually denote the 
transformation groupoid by H x M . See [20] for more details. 
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The previous examples show that Lie groupoids generahze not only Lie groups, but also Lie group 
actions. 

Let Gi and G2 be Lie groupoids over Mi and M2, respectively. A morphism of Lie groupoids is a 
pair ($, (f) of smooth maps $ : Gi — > G2 and ip : Mi — > M2, compatible with all the structural maps, 
in the sense that $ is a functor between the underlying categories. When $ is injective we say that Gi 
is a Lie subgroupoid of G2. 

2.2. Lie algebroids. A Lie algebroid is a vector bundle qa '■ A — > M equipped with a Lie bracket 
[•, -J^ on the space of smooth sections rj\/(^) and a vector bundle map pA ■ A — > TM called the anchor, 
such that 

[a, fb]A = /[a, b]A + {Cp^(a)f)b, 
for every a,b e TniA) and / £ C°°(A/). 

Example 2.3. If A is a Lie algebroid over a point we recover the notion of Lie algebra. 

Example 2.4. Let I) be a Lie algebra acting on a smooth manifold M . That is, there exists a Lie algebra 
morphism 

f) — > X(M) 
a I— > aM- 

We endow the trivial bundle A^ ^ \) x M with the structure of a Lie algebroid over M . The anchor map 
is defined by 

p:i)xM — > TM 
{a,x) K^ aM{x). 

The Lie bracket [•, ■]a,, on r(Af,) = C°°{M) (g) (1 is given by 

[a, &]a„ := [a,b], 
for a,b € \), and we extend it by requiring the Leibniz rule. The bundle Ai, — > M with this Lie algebroid 
structure is referred to as the transformation Lie algebroid. See [20] for more details. 

Just as in the groupoid case, these examples show that Lie algebroids generalize both Lie algebras and 
their actions. 

A Lie algebroid defines a differential graded algebra il'{A) :— ri\i{A'A*) with a degree 1 operator 
dA ■■ n'{A) — > n'+\A) given by 

p 



dA{0{ai,-;ap+i) =22i-'^)''^^^PA(a,)^iai,...,a^,...ap+i)+ 

\-iy+i £^{[a„ aj]A, ai, ..., a„ ..., ttj, ..., ap+i) 



i=0 



i<j 



A direct computation shows that d'^ = and that dA is a derivation of the exterior product. The operator 
dA determines the algebroid structure on A in the sense that there is a one-to-one correspondence between 
degree 1 derivations D on n*{A) such that D^ ~ and Lie algebroid structures on the vector bundle 
QA ■ A — > M. See for instance [14]. 

The latter description of Lie algebroids is useful to define morphisms between Lie algebroids. Let 
Ai and A2 be Lie algebroids over Mi and M2, respectively. A bundle map (f> : Ai — > A2 covering 
ip : Ml — > M2 induces an operator ^* : r(^2) — ^ r(^*) defined by 

{<t>*Oxax ■■= {£, o ip){x)(j>{ax), 
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where ^ G T{A2), a 6 r(yli) and x G AI. This operator comes from the base preserving bundle map 
(p* : (p*{A2) — > Al. We can extend this operator to higher wedge powers yielding an operator cj)* : 
^*{A2) — > fl*{Ai). We say that the bundle map <f) : A\ — > A^ is a Lie algebroid morphism if the 
induced operator 0* : Vt'^A^) — > ^'{^A\) is a chain map. 

\i (\) : A\ — > A2 is injcctive, we say that A\ is a Lie subalgebroid of A^. 

Example 2.5. (Lie algebroids vs Poisson geometry) 

Recall that a Poisson structure on a smooth manifold M consists on a Lie bracket 

{•,•}: C°°{M) X C°°{M) — > C°°{M), 

such that {/, •} : C°°{M) — > C°°{M) is a derivation for every f G C°"{M). Equivalently, a Poisson 
structure on Al is given by a smooth bivector on M (i.e. tt is a smooth section of the exterior bundle 
A'^TM — > M) such that [tt, tt] = 0, where [•, •] denotes the Schouten bracket of multivector fields [14]. The 
correspondence is given by {/, 5} = ■n{df,dg). The pair (M, tt) is referred to as a Poisson manifold. 
Alternatively, a Poisson structure on M corresponds to a Lie algebroid structure on the cotangent bundle 
Cm : T* M — > M , where the anchor map is tt' : T* M — > TM , defined by 

/3{J{a)):=n{a,f]), (2.1) 

where ex, p € T*M. The Lie bracket on T{T*M) — Q^(M) is defined by 

[a, P]^ = C^t(a)P - ^T^Hp)^ - d7r(a, /3). (2.2) 

Thus, Lie algebroids arise naturally in Poisson geometry. Throughout this work, the Lie algebroid deter- 
mined by a Poisson structure ir on M will be denoted by {T*M)t^. 

It will be useful to give an alternative description of Lie algebroids in terms of Poisson structures. For 
that we observe that every Lie algebroid A induces a Poisson structure on its dual bundle A* which is 
linear in the sense that the space of fiberwise linear functions C^j-^{A*) = T{A) C C°°{A*) is a Poisson 
subalgebra. More precisely, the Poisson bracket {•, ■}a' on C°°{A*) is given by 
i) {/ o <ZA. , g o QA' }a' = 0, for every f,g€ C°°(A/). 

ii) {a, QA' o fJA. = QA' o (£p^(a)/), for every / G C°°(Af ) and a G T{A) - C^JA*)- 
iii) {a, b}A' = [a, b]A, for every a, b G T{A) ^ C^„{A*). 

It can be easily verified that this Poisson structure on A* determines completely the Lie algebroid 
structure on A. See e.g. [8]. 

2.3. The Lie functor. Here we recall the construction of the Lie functor from the category of Lie 
groupoids to the category of Lie algebroids. Let G be a Lie groupoid over M and g € G. The right 
translation by g is the map r^ : s~^(t((?)) — > s~^{s{g)) defined by rg{h) = kg. A vector field X on G is 
said to be right invariant if 

TrgXil ~ Xhg, 

for every {h,g) G G(2)- The space X''(G) of right invariant vector fields on G is closed under the bracket 
of vector fields, so X''(G) becomes a Lie subalgebra of X(G). 

The space of tangent directions to the source fibers is T^G = ker(rs), which restricts to a vector 
bundle AG := e\jT^G over M. Given a section a of AG we define a*" G X^{G) by a^ = Trg{a^(^g-^), yielding 
an identification rj\f (AG) = X''(G). In particular, we have a well defined Lie bracket [•, ■]ag on rj\/(AG) 
given by 

[a,&]^G=[«^n (2-3) 

The vector bundle AG with the bracket (2.3) and the bundle map pag '■= Tt\AG make AG into a 

Lie algebroid over M. We say that AG is the Lie algebroid of the Lie groupoid G. This construction 

is functorial in the sense that, given a morphism of Lie groupoids $ : Gi — > G2 covering a map 

LP : Ml — > M2, the tangent map r$ : TGi — > TG2 restricts to a bundle map A{^) : AGi — > AG2 
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which defines a Lie algebroid morphism. In this way, we get a functor A : Q — 5- A from the category of 
Lie groupoids to the category of Lie algebroids. This functor is referred to as the Lie functor. 

We say that a Lie groupoid G is an integration of a Lie algebroid A if AG is isomorphic to A, as 
Lie algebroids. Unlike Lie algebras, the integration of Lie algebroids to Lie groupoids is not possible 
in general. Obstructions to the existence of integrations were given by Crainic and Fernandes in [12]. 
However, if we assume that a Lie algebroid A integrates to a Lie groupoid, then there exists a unique 
Lie groupoid G with simply connected s-fibers and whose Lie algebroid is A. Also Lie's second theorem 
holds in the category of Lie algebroids. 

Theorem 2.6. (Lie's second theorem) 

Let (j) : Ai — > A2 be a Lie algebroid morphism between integrable Lie algebroids. Let Gi and G2 be Lie 
groupoids integrating Ai and A2, respectively. If Gi has connected and simply connected s-fibers, then 
there exists a unique groupoid morphism $ : Gi — > G2 such that A($) = (j). 

See [12] for a proof of these facts. 

2.4. Tangent and cotangent groupoids. Given a Lie groupoid G over M, we can endow the tangent 
bundle TG with a Lie groupoid structure over TM as follows. The tangent functor applied to all 
the structural maps of G gives rise to structural maps T5,Tt : TG — > TM, Teu '■ TM — > TG, 
Tic ■ TG — > TG and Trng : TG2 — > TG, satisfying the axioms of a Lie groupoid. We refer to TG with 
these structural maps as the tangent groupoid associated to G. It will be helpful to use the following 
notation for the tangent multiplication 

Xg,Yh = TmG{Xg,Yh), 
for every {Xg,Yji) £ (TG)(2) composable groupoid pair. 

Example 2.7. Let G be a Lie group with Lie algebra g. The tangent bundle TG is also a Lie group, since 
the space of units consist of only one point. One easily checks that the multiplication on TG is given by 

Xg •¥,, ^ TgrhiXg) +ThlgiYh). 

We can use right translations to trivialize TG in such a way that TG = G x g. With respect to this 
identification, it is easy to see that the group structure on the tangent bundle corresponds to the semi-direct 
group G x determined by the adjoint representation. 

Just as the tangent bundle, the cotangent bundle T*G inherits a Lie groupoid structure over A*G. 
The source and target maps are defined by 

~s{^g)a = ^giTlgia-Ttia))) and t{7^g)b = VgiTrgib)) 
where ^g G TgG, a e ^s(g)G and rjg e T*G, b G A(g)G. The multiphcation on T*G is defined by 

{^gOTJ,,){Xg.n)^^g{Xg)+r^^{Y^) 

for(x<„r,,)er(,,^)G(2). 

We refer to T*G with the groupoid structure over A*G as the cotangent groupoid of G. See [10] for 
more details. 

Example 2.8. Let G be a Lie group with Lie algebra g. Then the cotangent groupoid T*G has base 
manifold g*. We can use right trivializations to identify T*G = G x q* . In terms of this identification, 
the cotangent groupoid corresponds to the transformation groupoid G K g* with respect to the coadjoint 
action. 

Remark 2.9. Given a Lie groupoid G over M we have constructed two natural Lie groupoids out of G, 
namely TG over TM and T*G over A*G. Both the tangent and cotangent Lie groupoids are examples of 
more general objects called VB- groupoids, that is. Lie groupoids objects in the category of vector bundles. 
See [20] for more details. 
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2.5. Tangent and cotangent algebroids. Let A —^ M be a vector bundle. The tangent bundle TA 
has a natural structure of vector bundle over TM , defined by applying the tangent functor to each of the 
structural maps that define the vector bundle A — > M. More specifically, we have a square 



TqA 




(2.4) 



where all the structural maps of the vector bundle TqA '■ TA — > TM are vector bundle morphisnis over 
the corresponding structural maps defining qA '. A — > AT The vector bundle TqA '■ TA — > TM is 
referred to as the tangent prolongation of A. See [25, 20] for more details about this construction. 
Similarly, the cotangent bundle T*A determines the following square of vector bundles 



T*A 




(2.5) 



where the top arrow r^ : T*A — > A* is given locally by rAix'',a^,Pi,£,r) = {x\^r)- Here (x\a'') S A^, 
{x\pi) e T*M and {x\^r) e A*, for x = (x^, ..., x") G AT The reader can see [20] for a coordinate 
free definition. Again, the structural maps of the top horizontal vector bundle are morphisms of vector 
bundles over the corresponding structural maps of A. 

Remark 2.10. Both the tangent and cotangent vector bundles are special examples of more general 
objects called double vector bundles, introduced in [25] and further studied by K. Mackenzie [20]. 

It was shown by Mackenzie and Xu in [21] that whenever qA ■ A — > M carries a Lie algebroid 
structure, then TqA ■ TA — > TAJ is a Lie algebroid as well. For that we observe that the space of 
sections Ttm{TA) is spanned by two types of sections; given a section a € r(A) the tangent functor 
apphcd to a determines a section Ta € TTMiTA). Also a £ r(A) induces a section a £ Ttm{TA) defined 
by 



where a{pMiX)) 

algebroid structure on TA is defined by 



a{X) ^ TOAiX) +p^ a{pM{X)), 
^{ta{pM{X)))\t=Q. We refer to a as the core section induced by a. Now the Lie 



Here Jm ■ TTAI 



[Ta,Tb]TA = T[a,b]A 

[Ta,b]TA = [a,b]A 
[a, b]TA = 

Pta = Jm ° TpA 
TTAI is the canonical involution, which is locally defined by 



Jm{x\x-' ,5x-' ,5x^) ~ [x-' ,5x-' ,x-' ,5x-'). (2-6) 

The reader can see [29, 20] for more details about this map, including a coordinate free definition. 

Similarly, the vector bundle (2.5) can be endowed with a natural Lie algebroid structure. Concretely, the 
dual vector bundle A* inherits a linear Poisson structure. In this case, the cotangent bundle T*A* — > A* 
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has a Lie algcbroid structure as explained in Example 2.5. There is a Legendre type map, whieh can be 
defined locally by 

Ra ■■ T*A* — > T*A 

One can use this isomorphism to induce a Lie algebroid structure on the vector bundle ta '■ T*A — > A* . 
We will refer to (2.4) as the tangent algebroid associated to A, and (2.5) will be referred to as the 
cotangent algebroid of A. See [20, 21] for more details about these structures. 

Remark 2.11. The Lie algehroids (2.4) and (2.5) are special examples of double structures. Concretely, 
each of them is a CA-vector bundle, that is, a vector bundle object in the category of Lie algebroids. 

Consider now a Lie groupoid G over M. We can apply the Lie functor to the tangent groupoid TG 
over TA/, yielding a Lie algebroid A{TG) — > TM. The canonical involution Jq : TTG — > TTG (2.6) 
restricts to a Lie algebroid isomorphism 

jG : T{AG) -^ A{TG). (2.7) 

Similarly, the Lie functor applied to the cotangent groupoid T*G gives rise to a Lie algebroid A{T*G) — >• 
A*G. Notice that the canonical pairing T*G Xq TG — > M is a groupoid morphism, where M. is viewed 
as the additive group. Applying the Lie functor to this pairing, we obtain a nondegenerate pairing 
A{T*G) xag A{TG) — ^ M, as a consequence the vector bundle A'(TG), dual to A{TG) — > AG, is 
isomorphic to A{T*G) — > AG. The composition of this isomorphism with j^ : A'(TG) — > T*{AG), 
defines a Lie algebroid isomorphism 

0G ■■ A{T*G) — > T*{AG). (2.8) 

We conclude that, up to canonical identifications, the Lie algebroid of the tangent groupoid TG (resp. 
cotangent groupoid T*G) is given by the tangent algebroid T{AG) (resp. cotangent algebroid T*{AG)). 
The reader can see [20] for more details about these identifications. 

3. BlVECTORS AND 2-FORMS ON LlE GROUPOIDS 

In this section we study Lie groupoids equipped with bivectors or 2-forms suitably compatible with the 
groupoid multiplication. 

3.1. Multiplicative bivectors. Let tt be a Poisson bivector on a smooth manifold M (see Example 2.5). 
We say that a submanifold Q (_ M is coisotropic if tt'^{N*Q) C TQ, where NQ denotes the normal 
bundle of Q. 

Consider now a Lie groupoid G. Let no G r(A^rG) be a bivector on G. We say that ttq is multi- 
plicative if 

Graph(TOG) CGxGxG, 

is a coisotropic submanifold, where the last factor on the right hand side is equipped with the Poisson 
structure ttg followed by a minus sign. A Poisson groupoid [30] is a Lie groupoid G equipped with a 
Poisson bivector ttq which is also multiplicative. Poisson groupoids were introduced by A. Weinstein in 
[30], generalizing both Poisson Lie groups and symplectic groupoids. This is explained in the following 
examples. 

Example 3.1. (Poisson Lie groups) 

Let G he a groupoid over a point, i.e. G is a Lie group. A bivector ttq on G is multiplicative if and 
only if the multiplication map niQ : G x G — > G is a Poisson map, which is exactly the definition of a 
Poisson Lie group [13, 19]. 
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Example 3.2. (Nondegenerate case) 

Let (G, ttg) be a Poisson groupoid. Assume that the bundle map ttq : T*G — > TG is an isomorphism. 
Then the inverse of tTq defines a 2-form loq on G . Notice that the property of ttq being Poisson is 
equivalent to saying that loq is a closed 2-form, while the multiplicativity of ttg reads 

m*QUJG = pr^WG + W2^G, (3.1) 

where niQ : G12) — ^ G is the groupoid multiplication and prj^jpij : G(2) — > G denote the canonical 
projections. We refer to {G,ljg) o,s a symplectic groupoid. 

The reader can see [9] , where symplectic groupoids are reahzed as the phase-spaces of certain sigma 
models. See also [31] where symplectic groupoids arise in connection with the quantization of Poisson 
manifolds. 

3.1.1. Infinitesimal description of Poisson groupoids. We would like to express the multiplicativity of a 
Poisson bivector ttq on G in terms of Lie algebroid data. For that one observes that the space of units 
M of a Poisson groupoid G defines a coisotropic submanifold of (G, ttq). As a consequence, the conormal 
bundle N*M C T*G is a Lie subalgebroid with respect to the structure defined in (2.1) and (2.2). Notice 
that there is a canonical decomposition 

T,G^T,M®A,G, 
for every x £ AI. As a consequence, the conormal bundle N*M is canonically isomorphic to A*G, the 
dual bundle of the Lie algebroid of G. Thus, we have a pair of Lie algebroids {AG,A*G) in duality as 
vector bundles. These algebroids arc compatible in the sense that they define a Lie bialgebroid. 

Definition 3.3. [21] 

Let A be a He algebroid and assume that A* is also a Lie algebroid. Then the pair {A, A*) is a Lie 
bialgebroid if 

dA[£„v]A' = [dA£.,v]A' + [^,dAll]A-, 

where d^ is the Lie algebroid differential of A. 

Notice that if A is a Lie algebroid over a point, i.e. A is a Lie algebra, then a Lie bialgebroid is nothing 
but a Lie bialgebra [13]. Just as Lie bialgebras are the infinitesimal data of Poisson Lie groups [13], Lie 
bialgebroids may be regarded as the infinitesimal counterpart of Poisson groupoids. [21]. 

Remark 3.4. It was observed in [21] that the multiplicativity of a bivector ttq can be rephrased in terms 
of Lie groupoid morphisms. In fact, one can check that -kq is multiplicative if and only if the bundle map 
tTq : T*G — !■ TG is a Lie groupoid morphism covering the anchor pa*g ■ A*G — > TM of the dual 
algebroid A*G . Moreover, applying the Lie functor yields a Lie algebroid morphism A{tt^q) : A{T*G) — > 
A{TG), which up to the identifications (2.7) and (2.8), coincides with tt\q : T*{AG) — > T{AG). Here 
TTAG is the linear Poisson bivector on AG, induced by the dual Lie algebroid A*G. 

In order to integrate Lie bialgebroids, K. Mackenzie and P. Xu observed in [21] that the Lie bialgebroid 
condition can be understood in terms of Lie algebroid morphisms. More concretely, the Poisson bivector 
on the dual of a Lie algebroid A can be described explicitly by considering {x^ , ..., x™) a system of local 
coordinates on M and {ei, ..., e;} a basis of local sections of A, this data determines coordinates (x', a'') 
on A. There are structure functions pi, G*^ for the Lie algebroid A, defined by 

i) PA{er) ^/^afr, and 

ii) [er,es\A = G'^e*. 
Now if {e^,...,e'} is a basis of local sections of A*, dual to {ei,...,ei}, we introduce local coordinates 
{x^,^r) on A* . With respect to this local description of A* , the linear Poisson bivector it a* on A* induced 
by A has the form 

i-A\^.a - Pri-)^^ A — + 2C;.(-)6^ A — . (3.2) 
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Here we have used Einstein's convention. The hnearity of tta- is equivalent to ir,, : T*A* 



TA* 



being a morphism of double vector bundles [25] . It is natural now to find a condition which ensures that 
TT^. is also a Lie algebroid morphism. 



Theorem 3.5. [22] 

// {A, A*) is a pair of Lie 
and only if 



jebroids in duality as vector bundles, then (A, A*) is a Lie bialgebroid if 



T*A- 



■TA 



TqA 



(3.3) 



A* 



■TM 



is a Lie algebroid morphism between the tangent Lie algebroid (2.4) and the cotangent Lie algebroid (2.5). 
Here the map pA* is the anchor map of the dual Lie algebroid A* . 

See [22] for the proof of this fact. This characterization of Lie bialgebroids combined with remark 3.4 
and Lie's second Theorem 2.6 gives rise to the integration of Lie bialgebroids to Poisson groupoids. See 
[21, 22] for more details. 

3.2. Multiplicative 2-fornis. We proceed now to study Lie groupoids G endowed with a closed 2-form 
ijJG & f2^(G), which is multiphcative as in (3.1). Notice that Poisson groupoids do not include all multi- 
plicative closed 2-forms as special cases, since they only include those 2-forms which are nondegenerate 
(see example 3.2). Most of the results in this subsection can be found in [6]. 

Notice that a 2-form on a manifold M determines a skew symmetric bundle map oj'' : TAI — ;• T*M 
defined by 



JiX) 
for every X e TM. 

The analogue for 2-forms of remark 3.4 reads. 



^(^,-), 



(3.4) 



Proposition 3.6. [6] 

Let G be a Lie groupoid over M . A 2-form uq on G is multiplicative if and only if the bundle map 



LO'r 



TG 



T*G as in (3.4) is a groupoid morphism between the tangent and cotangent Lie groupoids. 



If ujg is a multiplicative 2-form on G, then the groupoid morphism given by Proposition 3.6 covers the 
bundle map A : TAI — !■ A*G, which is the fiberwise dual map of — cr^jG : AG — > T*M, defined by 

o'ujci"') = ^cia, ■)\tm- (3.5) 

The application of the Lie functor to the groupoid morphism ujq : TG — > T*G yields a Lie algebroid 
morphism A{u}q) : A{TG) — > A{T*G), which followed by the canonical identifications (2.7) and (2.8), 
determines a morphism of Lie algebroids 



T{AG) 



TqAG 



TM- 



^T*{AG) 



(3.6) 



A*G 



where the bottom map is given by the bundle map fiberwise dual to —Uljq '■ AG 
concretely, the algebroid morphism (3.6) is given by 



T*M. More 
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^AG = -(^la^can, (3.7) 

where uJcan is the canonical symplcctic structure on the cotangent bundle T*M and a^ia is given by 
(3.5). A detailed proof of these statements can be found in [6]. This discussion motivates the following 
definition. 

Definition 3.7. A 2-form loa on a Lie algebroid A — > M is called morphic if the induced bundle map 
Lo\ : T A — > T*A is a Lie algebroid morphism. 

The 2- form ljag G fl^{AG) associated to a multiplicative 2-form uta is morphic. We refer to wag as 
the morphic 2-forni of ujg- It turns out that multiplicative 2-forms on a source simply connected Lie 
groupoid are in one-to-one correspondence with morphic 2-forms on its Lie algebroid. 

Proposition 3.8. [6] 

Let G be a Lie groupoid over M with Lie algebroid A — > M . Assume that G has connected and simply 
connected source fibers. Then there is a one-to-one correspondence 

Lie : ^li,rauit{G) -^ ^li,moM) (3.8) 

UJG h-> UJAG (3.9) 

between multiplicative closed 2-forms on G and morphic closed 2-forms on AG. Here luag is determined 
by (3.6). 

It is worthwhile to mention here that the correspondence in Proposition 3.8 holds without the closedness 
assumption. For a detailed discussion of the general case see [6] . 

Since a multiplicative 2-form loq induces a map <t^^ as in (3.5), and the morphic 2-form (3.6) associated 
to uJa is related to (3.5) via (3.7), we would like to understand this relation deeply. For that, let us recall 
some terminology introduced in [7]. 

Definition 3.9. Let A be a Lie algebroid over M . A bundle map a : A — > T*M is called an IM-2-form 
on A if the following identities hold 

{a{a),pA{b))=-Hb),pA{a)) (3.10) 

a[a, b]A ^Cp^(a)f^{b) - Cp^^b)<^{a) + d{a{a), pA{b)). (3.11) 

for every a,b £ T{A). 

It was proved in [7] that the bundle map (3.5) associated to a closed multiplicative 2-form uq S 
rP{G) defines an IM-2-form. This explains why this terminology was introduced, since IM stands for 
infinitesimally multiplicative. It was also shown in [7] that if G is a Lie groupoid with connected and 
simply connected source fibers, then there is a one-to-one correspondence between multiplicative closed 
2-forms on G and IM-2-forms on the Lie algebroid AG of G. The correspondence is given by (3.5). The 
technical point of this results is, as usual, the integration procedure. This is based on the construction of a 
closed 2-form on the space of A-paths of the Lie algebroid A, which is basic with respect to A-homotopies, 
therefore it defines the desired multiplicative closed 2-form on the A-paths model of the Lie groupoid 
integrating A. See Theorem 2.5 of [7]. 

One can avoid A-paths and infinite dimensional tools as follows. Given a Lie algebroid qa '■ A — > M, 
consider the canonical symplcctic form tOcan on the cotangent bundle T*M. Every bundle map a : A — >■ 
T*M can be used to define a 2-form on A via 

A := -a*ujcan- (3.12) 

This 2-form is linear in the sense that A" : TA — ;■ r*A is a morphism of double vector bundles [6]. We 
would like to find a purely infinitesimal condition on a : A — > T* M in such a way that A be. not only 
linear, but also a morphic 2-form. It turns out that the conditions are the ones defining an IM- 2-form, 
as established in the following result. 
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Theorem 3.10. [6] 

Let A be a Lie algebroid over M. Consider a bundle map a : A — > T*M and A e ^^{A) given by 
(3.12). Then a is an IM-2-form if and only if the induced bundle map A' : TA — > T* A is a Lie algebroid 
morphism between the tangent Lie algebroid (2.4) and the cotangent Lie algebroid (2.5). 

The morphism A" : TA — > T* A in Theorem 3.10 covers the bundle map A := -cr* : TM — > A*, 
which is the fiberwisc dual of cr : A — > T*M. The proof of Theorem 3.10 consists on a long computation 
involving special sections of the double vector bundles Tqa ■ TA — > TM and rA ■ T* A — > A* . The 
reader can find a detailed proof in [6] . 

Combining Lie's second Theorem 2.6 with Proposition 3.6 and Theorem 3.10 we recover the corre- 
spondence between multiplicative closed 2-forms and IM-2-forms proved previously in [7] . See [6] for this 
alternative and simpler proof. See also [3] for an extension of these results to multiplicative forms of 
arbitrary degree. 

The following corollary of Theorem 3.10 will be useful later. 

Corollary 3.11. Let G be a Lie groupoid with Lie algebroid AG. Assume that G has connected and 
simply connected source fibers. Then a multiplicative closed 2-form log on G is nondegenerate if and only 
if the associated IM-2-form a^^ : AG — > T* M is a vector bundle isomorphism. 

Proof. It is well known that the nondegeneracy of ujq implies that a^^^ is an isomorphism. See for 
instance [10]. Assume now that a^^^ : AG — > T*M is an isomorphism. Consider the linear 2-form on 
AG defined by u>ag = "Cr* Wcan- Since a^^ is an isomorphism, we conclude that ujag is nondegenerate. 
In particular, the bundle map uiaq '■ T{AG) — > T*{AG) is a vector bundle isomorphism. Since a^jc is an 
IM-2-form on AG it follows from Theorem 3.10 that oJag is a Lie algebroid isomorphism which integrates 
to the Lie groupoid isomorphism coq. This shows that log is nondegenerate. 

D 

4. Symmetries of Poisson structures 

In this section we study synuiretries of Poisson structures. In order to give a conceptually clear 
exposition we will view Poisson structures as instances of more general geometric structures called Dirac 
structures. 

4.1. Dirac structures. Let M be a smooth manifold. Consider the direct sum vector bundle TAI := 
TM © T*M, equipped with the nondegenerate symmetric pairing 

((X,a),(y,/?)):=a(r)+/?(X). 
The space of sections r(TM) = X{M) © il^{M) is endowed with the Courant bracket 

l{X,a),iY,l3)j:^{[X,Y],CxP~iYda). 

A Dirac structure on M [11] is a sub-bundle L C TM which is Lagrangian (i.e. L^ = L) and 
involutive in the sense that |r(L),r(L)] C T{L). Dirac structures were introduced in [11] motivated 
by the study of mechanical systems with constraints. The complex analogue yields to the so called 
generalized complex geometry, see [16] for further information. 

The following examples of Dirac structures will be fundamental along this note. 

Example 4.1. Let uj be a 2-form on M . One can view ut as the skew- symmetric bundle map w" : TM — > 
T*M given by (3.4). The graph L^^ :~ {(AT, (^"(A")) | X E TAI} o/cj" is naturally a sub-bundle ofTM 
which, due to the skew-symmetry of lu, is Lagrangian. The involutivity of L^ with respect to the Courant 
bracket is equivalent do; = 0. 

Example 4.2. Let it be a bivector on M and consider the bundle map tt" : T*M — > TM defined in 
(2.1). Then the graph L^^ :— {(7r'(a),a) | a S T*M} is a Lagrangian sub-bundle ofTM. The involutivity 
condition with respect to the Courant bracket is equivalent to tt being a Poisson structure, i.e. [tt,tt] = 0, 
where [■,■] is the Schouten bracket of multivectorfields. 
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One observes that a Dirac structure L on M defines a Lie algebroid structure on the vector bundle 
L — > M, where the bracket is given by the Courant bracket and the anchor map is the restriction to L 
of the canonical projection pr^-j^^ : TM — > TM . In the case of Dirac structures as in Example 4.2 the 
canonical projection Ljr — > T*M is an isomorphism of vector bundles. Since Ljr is a Lie algebroid over 
M, we can use this isomorphism L^ = T*M to induce a Lie algebroid structure on the cotangent bundle 
T*M . One easily verifies that this algebroid structure on T*M coincides with the one defined by (2.1) 
and (2.2). 

Since Dirac structures define Lie algebroids, we can ask for a Lie groupoid integrating a Dirac structure. 
For instance, it was proved in [9] that if the Lie algebroid (r*M)^ associated to a Poisson manifold (M, tt) 
is integrable, then the source simply connected Lie groupoid G integrating {T* M)^^ inherits a symplectic 
structure ug making the pair (G^ujg) into a symplectic groupoid. That is, Poisson manifolds may be 
regarded as the infinitesimal objects associated with symplectic groupoids. The general problem of the 
integration of Dirac structures was solved by Bursztyn et al in [7] . 

4.2. Symmetries of (TAf, (•, •), |-, •]). Given a diffeomorphism / : M — > M, we can induce a natural 
automorphism T/ of TM by Tf{X,a) = {Tf{X), {Tf~^)*a). One easily checks that T/ is an isometry 
of (Til/, (•,•)). A straightforward computation shows that T/ preserves also the Courant bracket. There 
is another type of symmetries of the data (TAf, (•, •), |-, •]), these are given by the action of closed 2-forms. 
More specifically, for any 2-form B on M , define the bundle map 

TB :TA/ — > TM (4.1) 

{X,a)^^{X,a + ixB). (4.2) 

It follows from the skew-symmetry of B that tb preserves the pairing (•,•). The following well known 
result characterizes those 2-forms B for which tb preserves also the Courant bracket. 

Proposition 4.3. The bundle automorphism tb '■ TA/ — > TM preserves the Courant bracket if and 
only if dB = 0. 

Proof Let {X, a) and {Y, /3) be sections of TA/. Then 

1{X, a + ixB), {Y, 15 + iyB)1 = [[X, Y],Cxfi - ixda + CxiyB - iydixB), 
and using the formula i[x,Y] ~ [^x, iy] one can sec that B is closed if and only if 

liX, a + ixB), (y, /3 + iyB)j = {[X, Y],Cxl3 - ixda + i[x,Y]B), 
which is equivalent to saying that tb preserves the Courant bracket. 

n 

Actually, the group of symmetries of {TM, (•, •), |-, •]) is given by DifF(A/) Kr2^;(A/). See for instance [16]. 
As a consequence, the space of Dirac structures on M is invariant under the action of DifF(Af ) k r2^j(Af ). 
If L is a Dirac structure on Af and B € ri^;(A/) then the Dirac structure tb{L) is referred to as a gauge 
transformation of L by the closed 2-form B. In the literature, closed forms acting as above are also 
called i?-field transformations. See for instance [16, 28]. 

Remark 4.4. One immediatly observes that the algebroid structure of a Dirac structure L on M is 
preserved along its orbit by the action offl^i{AI). 

4.3. B-Reld transformations of Poisson manifolds. Here we are concerned with /3-fields acting on 
Poisson manifolds. For that, let (A/, tt) be a Poisson manifold and B £ J7^(A/) a closed 2-form. 

Lemma 4.5. The bundle map $b := (Id + S" o tt') : {T*M)^ — > T*M is an IM-2-form on the Lie 
algebroid {T*M)t,. 

Proof. The tangent bundle TM is a Lie algebroid over Af , where the anchor map is the identity and the 
Lie bracket is the usual bracket of vector fields. Notice that a 2-form B on A/ is closed if and only if 
the induced bundle map B* : TAd — > T*M is an IM-2-form on the Lie algebroid TM . Combining this 
observation with the fact that tt^ : {T*M)t^ — > TM is a Lie algebroid morphism, the result follows. 

D 
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Wc will see that the IM-2-form $b of Lemma 4.5 arises naturally in the study of _B-field transformations 
of Poisson structures. 

Definition 4.6. Let (M , tt) be a Poisson manifold. A closed 2-form B G il^(M) is called tt- admissible 
if the Dirac structure tb{Lt^) is also given by the graph of a Poisson bivector ttb S T{A^TM). 

One can easily check that B is 7r-admissible if and only if the IM-2-form $b : {T*M)^ — > T*M of 
Lemma 4.5 is a vector bundle isomorphism. As a result, the bundle map $s is a Lie algebroid isomorphism 
between {T*M)Tr and {T*M)Tr^. Combining this observation with remark 4.4 we conclude that if (M, tt) 
integrates to a source simply connected symplcctic groupoid {G,u!g), then G also integrates the Lie 
algebroid {T*M)Trs- We would like to determine how the symplectic structure on G changes under a in- 
field transformation of the Poisson manifold (M, tt). The answer is not difficult, since $b is an IM-2-form 
on the Lie algebroid (T*M)7r, we can use Theorem 3.10 to integrate $b to a closed multiplicative 2-form 
ujq on G, which is necessarily symplectic due to Corollary 3.11. In order to give an explicit formula for 
u!q, we need the following lemma. 

Lemma 4.7. Let G be a Lie groupoid over M. For every closed 2-form B on M , the closed 2-form 

Bg :=t*B-s*B, 

is a multiplicative form on G with associated IM-2-form asc = B^ o pAo- 

Proof. We need to check that Bq satisfies identity (3.1). It follows from the definition of Uq that 

m^i?G -(topri)*B- (so pr2)*i?, (4.3) 

where prj^jprj : 0(2) — > G are the canonical projections. One can also sec that 



pi-lBo = (t o pri)*B - (s o pri)*i?, (4.4) 



and 



v4BG^{topT^)*B-{sopT^rB. (4.5) 

Since (3.1) is an identity of forms defined on G12) ^-nd toprg = sopr^ on G(2), one combines equations 
(4.3), (4.4) and (4.5) to conclude that Bq is multiplicative. 

Recall that the IM-2-form of a closed multiplicative form is given by (3.5). Therefore, the IM-2-form 
of Bg is given at every a G AG by 

o'SG(a) ^Boia, ■)\tm 

=BiTtia),-)\TM - BiTsia),-)\TM 
=B{pAG{a),-)\TM 
where in the last equality we have used that AG := kerrs|i\f . 

n 

The symplectic groupoid {G,ujg) defines an IM-2-form cr^jg : AG — > (r*Af)^ which is a Lie algebroid 
isomorphism. For every a G AG we define a — ai^^{a), then 

aBaia) ^ B»{pAG{a)) ^ B^TT^ia)). 

This says that identifying AG = {T*M)t^ via a^ic the IM-2-form of Bg = t*B - s*B corresponds to 
the bundle map i?" ott' : T*AI — > T*M. We summarize these observations in the following proposition. 

Proposition 4.8. The IM-2-form $5 = (Id + B« o tt^) : (T*M)^ — > {T*M)^g integrates to the multi- 
plicative closed 2-form on G, given by 

^G = ^G + Bg- 
Moreover, since $b is an isomorphism, the pair (G, uJq) is a symplectic groupoid integrating the Poisson 
manifold (A/, tt^). 
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This result was proved first in [4] without using IM-2-forms. The discussion done in this section provides 
a conceptually clear proof of some results in [4] . 

5. Symmetries of multiplicative Poisson structures 

We want to study B-field symmetries of Poisson groupoids. Just as symmetries of Poisson structures 
are well understood in terms of Dirac geometry, we will see that B-field transformations of Poisson 
groupoids can be studied via Dirac structures suitably compatible with a groupoid multiplication. 

5.1. Multiplicative Dirac structures. Let G be a Lie groupoid over M. One observes that since 
TG and T*G are Lie groupoids over TM and A*G, respectively, then the direct sum vector bundle 
TG = TG ®T*G inherits a Lie groupoid structure over TM © A*G. The following definition can be 
found in [24] . 

Definition 5.1. A Dirac structure Lq on G is called multiplicative if Lq is a Lie subgroupoid of the 
direct sum groupoid TG. 

The space of all multiplicative Dirac structures on G will be denoted by Dir,„ujt(G). Let us see some 
natural examples. 

Example 5.2. (Poisson groupoids) 

Let ttq be a Poisson structure on a Lie groupoid G. We have seen that (G, ttg) is a Poisson groupoid 
if and only if ttq : T*G — > TG is a groupoid morphism. Equivalently, the Dirac structure L^^ = 
{{TTQ{a),a) I a £ T*G} of Example ^.2 is a subgroupoid. That is, the Dirac structure induced by ttg is 
multiplicative. 

Example 5.3. (Multiplicative closed 2-forms) 

Let uq be a closed 2-form on G. It follows from Proposition 3.6 that loq is multiplicative if and 
only if lOq : TG — > T*G is a groupoid morphism. Equivalently, the corresponding Dirac structure 
LcuQ = {{X,ujq{X)) I X G TG} C TG of Example 4-1 is a subgroupoid. This shows that L^^^ is a 
multiplicative Dirac structure. 

Multiplicative Dirac structures were introduced by the author in his doctoral thesis [24]. These struc- 
tures unify both multiplicative closed 2-forms and Poisson bivectors, offering a conceptually clear frame- 
work for studying geometric structures compatible with a group(oid) multiplication. See also [17] where 
homogeneous spaces for multiplicative Dirac structures are studied. 

Let AG be the Lie algebroid of G. The tangent and cotangent algebroids induce a Lie algebroid 
structure on the direct sum T{AG) = T{AG)®T*{AG) with base TM®A*. It turns out that the direct 
sum Lie algebroid T{AG) is isomorphic to the Lie algebroid of TG, via the map 

Ja^ © Og : A{TG) © A{T*G) — ^ T{AG), 
where jc : T(AG) — > A{TG) and Oa : A{T*G) — > T*{AG) are defined by (2.7) and (2.8), respectively. 

Definition 5.4. Let A be a Lie algebroid over M . An IM-Dirac structure on A is a Dirac structure 
La which is a Lie subalgebroid of the direct sum Lie algebroid TA. 

The space of all IM-Dirac structures on A will be denoted by Dir/A/(A). The following examples are 
important. 

Example 5.5. (Lie bialgebroids) 

Let TTA be a Poisson bivector on A. Then the Dirac structure i^^ as in example 4. 2 is an IM-Dirac 
structure if and only if tt^ ■ T* A — > TA is a Lie algebroid morphism. Due to Theorem 3.5, an IM-Dirac 
structure given by the graph of a Poisson bivector is equivalent to {A, A*) being a Lie bialgebroid. 

Example 5.6. (IM-2-forms) 

Let loa = ^<^*^can be a closed 2-form on A. Then the Dirac structure L^^^^ is an IM-Dirac structure if 
and only if loa is a morphic 2-form (see definition 3.6). 
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The following result generalizes the correspondence between Poisson groupoids (resp. multiplicative 
2-forms) and Lie bialgebroids (resp. IM-2-forms). 

Theorem 5.7. [24] 

Let G be a Lie groupoid with Lie algebroid AG. Assume that G has connected and simply connected 
source fibers. There is a one-to-one correspondence 

Lie : Dir„„,t(G) — > T)iTjM{AG) 
Lg ^^ Lag 
where Lag := (j'g^ © &g){A{Lg)), and A{Lg) C A{TG) is the Lie functor. 
The reader can find a proof of this result in the author's work [24]. 

5.2. Symmetries of (TG, (•, •}, |-, •]). Let G be a Lie groupoid over M with Lie algebroid AG. Through- 
out this subsection we denote by Bq an arbitrary multiplicative closed 2-form on G with induced morphic 
2-form Bag- 

Proposition 5.8. The bundle map tbq '■ TG — > TG defined in (4.1) is a groupoid morphism. 

Proof. This follows directly from the definition of tbq and Proposition 3.6. 

n 

As a consequence of this proposition we observe that multiplicative closed 2-forms act on multiplicative 
Dirac structures via B-field transformations. 



Corollary 5.9. Let Lg be a multiplicative Dirac structure on G. Suppose that Bg is a closed multiplica- 
tive 2-form on G, then the Dirac structure Lq := TBa{LG) '5 olso multiplicative. 

Proof. This is a straightforward consequence of the proposition above and definition 5.1. 

n 



Now we want to find the infinitesimal data of the multiplicative Dirac structure tbc:{Lg) in the sense 
of Theorem 5.7. For that we need to study _B-field transformations of the data (TA, (■,■)) for an arbitrary 
Lie algebroid A. Let A be a Lie algebroid over M and let Ba be an arbitrary morphic 2-form on A. 

Proposition 5.10. The bundle map tb^ ■ TA — > TA is a Lie algebroid morphism. 

Proof. This is a straightforward consequence of definition 3.7. 

n 

Corollary 5.11. Let La be an IM-Dirac structure on a Lie algebroid A. Suppose that Ba is a morphic 
closed 2-form on A, then the Dirac structure L^ := tb^{La) is also an IM-Dirac structure on A. 

On one hand, as proved in Proposition 3.8, given a multiplicative closed 2-form Bg on G, we can think 
of the induced morphic 2-form Bag on AG as the result of applying the Lie functor to Bg- On the 
other hand, one can apply the Lie functor to the groupoid morphism of Proposition 5.8, yielding a Lie 
algebroid morphism A(tbq) : A{TG) — > A{TG), which composed with the Lie algebroid isomorphism 
Jg^ ©6*0, gives rise to the Lie algebroid morphism tb^c • T(AG) — > T{AG), where Bag is the morphic 
2-form on AG associated to Bg (See Proposition 3.8). This gives rise to the main result of this note. 

Theorem 5.12. Let G be a Lie groupoid over M with Lie algebroid AG. Consider a multiplicative closed 
2-form Bg on G with induced morphic 2-form Bag on AG. The map Lie : DiimuitiG) — > Dir/j\/(^G) 
conjugates the B-field transformations tbc and tbaq. That is, 

Ug{tbg{Lg)) = TB^G(Lic(LG))- 

This theorem says that the multiplicative Dirac structure tbq {Lg), obtained by a multiplicative _B-ficld 
transformation of Lg, is described infinitesimally by the IM-Dirac structure tbag{Lag), defined by the 
associated morphic _B-ficld transformation of Lag- 
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5.3. S-field transformations of Poisson groupoids. Let (G, ttg) be a Poisson groupoid over M with 
Lie bialgebroid {AG,A*G). Consider an arbitrary multiplicative 2- form Bq on G with induced morphic 
2-form Bag- Combining Corollary 5.9 and Theorem 5.12 we conclude the following. 

Proposition 5.13. The Dirac structure TBa{L-^^) is a multiplicative Dirac structure, which is infinitesi- 
mally described by TBAai-^-^Aa)j where ttag is the linear Poisson bivector on AG dual to the Lie algebroid 
A*G. 

We will study the special case where Bg = s*B — t*B for some closed 2-form B on M. 

Remark 5.14. A Lie bialgebroid {A, A*) over M induces a Poisson structure it on AI given by tt" := 
PA ° Pa* ■ This Poisson bivector will be called the Poisson structure induced by {A, A*). See [21]. 

The Lie bialgebroid {AG,A*G) determined by {G,ttg) induces a Poisson structure n on M according 
to remark 5.14. One can check that a closed 2-form i? on M is 7r-admissible if and only if Bg = s*B — t*B 
is TTG-admissible (see [5, 4]). As a consequence, the Dirac structure tbg{Ltj^) of Proposition 5.13 is given 
by the graph of the multiplicative Poisson bivector ttq . We are concerned with the effect of tbo on the 
Lie bialgebroid of (G, ttg). 

Lemma 5.15. Assume that G has connected and source simply connected source fibers. Then Bg is 
TTG-adnriissible if and only if Bag is nAG-o-dmissible. 

Proof. On one hand, example (5.2) shows that the multiplicativity of ttq is equivalent to saying that the 
map Wq : T*G — > TG is a groupoid morphism between the cotangent and tangent groupoids. Similarly, 
due to the fact that Bg is multiplicative, one concludes from example (5.3) that Bq : TG — !■ T*G is a 
groupoid morphism. As a result, the map (Id -I- B^ o tt^) : T*G — !■ T*G is a composition of groupoid 
morphisms. On the other hand, the fact that Bg is Trc-admissible is equivalent to (Id+B^oT:^^) : T*G — > 
T*G be a bijection. Combining these observations we conclude that (Id + B^ o tt^) : T*G — > T*G is a 
groupoid isomorphism. The application of the Lie functor, followed by the Lie algebroid isomorphism (2.8) 
gives rise to the Lie algebroid isomorphism (Id -I- B\q o tt^^q) : T*{AG) — y T*{AG). As a consequence. 
Bag is TT/iG-E^dmissible. The converse follows from Lie's second theorem. 

D 

According to Proposition 5.13, the infinitesimal data of the multiplicative Poisson bivector tt^ on G 
corresponds to the Poisson bivector tt^q on AG, defined by 

Since (tt^q)' is given by the composition of Lie algebroid morphisms, it follows from Theorem 3.5 
that the i?-field transformation of ttag by Bag rnaps the Lie bialgebroid {AG,A*G) into another Lie 
bialgebroid {AG, {A*G)b)- We will describe the Lie algebroid {A*G)b explicitly. For that, we use 
Theorem 3.5 applied to the Lie algebroid morphism 




Tqa 



(5.1) 



TM 



Pa'g 



where Pa'g ■~ PA* a ° (W — p*ag ° B^ ° PA'g)~^ i to conclude that the dual vector bundle A*G inherits a 
new Lie algebroid structure in such a way that the map (Id — p*aq o B^ o pa*g) ■ A*G — > {A*G)b is a Lie 
algebroid isomorphism. This is in agreement with the results of [5]. The Lie bialgebroid {AG, {A*G)b) is 
called the gauge transformation of {AG,A*G) by the closed 2-form B on M, see [5] for more details. 
Using this terminology, the infinitesimal data of the Poisson groupoid {G,ttq) is given by the gauge 
transformation of {AG,A*G) associated to the closed 2-form B on M. Thus we sec that Theorem 5.12 
recovers the following result shown in [5]. 
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Theorem 5.16. [5] 

Let (G, ttq) be a Poisson groupoid over M with Lie bialgebroid {AG, A*G) and induced Poisson structure 
TT on M . Let B be a closed 2- form on M and let Bq = s*B ~ t* B the associated multiplicative 2- form 
on G. Then B is t: -admissible if and only if Bq is TTG-admissible. In this case, the Lie bialgebroid of the 
Poisson groupoid {G,ttq) is given by {AG, {A*G)b)- 

Given a Poisson groupoid (G, ttq) over M with induced Poisson structure tt on M and B a Tr-admissible 
closed 2-forni on AI, then combining the previous theorem with Lemma 5.15 one concludes that Bag 
is TT^G-admissible, where Bag is the morphic form of Bq = t*B — s* B. The gauge transformation Lie 
bialgebroid {AG, {A*G)b) induces a Poisson structure on A/, given by 

T^B ^ PAG°{Pa'g)*^ 

where p^.Q '■— PA*g°{\^^ P*ag° ^ PA'g)~^ ■ A straightforward computation shows that tt^ — tb{i^m)- 
That is, the Poisson structure induced by the gauge transformation Lie bialgebroid {AG, {A*G)b) co- 
incides with the gauge transformation, via B, of the Poisson structure induced by the Lie bialgebroid 
{AG,A*G). 

We have seen that Theorem 5.16 follows from a more general result, namely Theorem 5.12 where 
multiplicative Dirac structures played a fundamental role. As we have mentioned, multiplicative Dirac 
structures unify both multiplicative closed 2-forms and Poisson bivectors, yielding a natural framework 
for studying _B-field transformations of Poisson groupoids. One of the advantages of introducing mul- 
tiplicative Dirac structures is that they provide a conceptually clear framework, where we can treat all 
multiplicative structures in a unified manner, often simplifying existing results and proofs. 

Remark 5.17. There is another interesting class of multiplicative Dirac structures, namely those given 
by foliations compatible with a groupoid multiplication, e.g. if G is a Lie groupoid equipped with a free 
and proper Lie group action by groupoid automorphisms, then the vertical space of this action defines a 
multiplicative foliation on G. It was proved in [23] that multiplicative foliations on a Lie group G can 
be explicitly described in terms of connected normal subgroups of G. Infinitesimally, if G is a Lie group 
with Lie algebra q, then multiplicative foliations on G correspond to Lie subalgebras of q, which are also 
ideals. The general case of multiplicative foliations on Lie groupoids is treated in a work in progress with 
M. Jotz [181 . 
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